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1: rg = b— Axg, po = 1o
2: fori=1,2,3,...,do
a; = (ri—1,7i-1)/(pi—1, Api—1)
4 Ty = Ti—1 +oupi—
5 ri =Ti—1 — @i Api1
6: if (||rill2/]|roll2 < €) then stop
7 Bi=(ri,ri)/(ric1,mie)
8  pi =ri+ Bipi-1
9

: end for

1 Conjugate gradient method

[

ro =b— Axg, ug = M~ 'ro, po = ug
:fori=1,2,3,...,do

[\

s = Api—1

a; = (ri—1,ui-1)/(s,pi-1)

T =Ti—1 + Qqipi—1

Ty =Ti—1 — QiSi—1

if (|[rsll2/[l7oll2 < &) then stop
w; = M~y

Bi = (riaui)/(ri—bui—l)

10: p; =u; + Bipi—1

11: end for

2 Preconditioned conjugate gradient method



3 Preconditioned pipelined conjugate gradient method

Preconditioned pipelined conjugate gradient method (A%, PipeCG) I, 2@ FIZHER
[FIHIIZ & 2B % BEfi 9 5 72912, Ghysels and Vanroose (2 & > TREINZFHETH S [1].
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L rg=b— Axg, ug = M 'ry, wy = Aug
2: fori=0,1,2, ..., do

3 v = (ri, ui)

4 0= (wi,u)

5 m; =M twy;

6: n; = Am;

7. if ¢ > 0 then

8: Bi = vi/vi-1 5 o = i /(0 = Bivi/vi—1)
9: else

10: Bo=0; ag =0/

11:  end if

120z =mn;+ Pizic1

130 ¢ =m; + Bigi—

4: s =w; + Bisi—1

150 pi=wui+ Bipi—1

16: Tip1 = Ti + Qp;

170 rip1 =T — 4S;

18: U1 = U; — 4G,

19: Wip1 = w; — 4%

20:  if (||r;|l2/]|r0l]2 £ €) then stop

21: end for

3 Preconditioned pipelined conjugate gradient method
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4  Pipelined Conjugate Gradient Method D& H

1: rg = b — Axg, po = M~ 'rg

2: fori=0,1,2,...,do

3 a=(ri, M~'r;)/(pi, Ap:)

4 Tip1 =Tt ap;

5 Tyl =1 — aAp;

6:  if (||rill2/]|roll2 £ €) then stop
T B = (rip, M i)/ (s, M)
8 piy1 =M rig + Bps

9:

end for

4 Preconditioned conjugate gradient method (step 1)

X 412, BTALERAT &G AREERT. 22T, —~MRT MV s = Ap;, u; = M~tr; ZEAL,
317H, T17H, 8i{THZHESMZ, X5 %2E5.
1: 79 = b— Axg, ug = M~ 1rg, po = M~ 1rg
2: fori=0,1,2, ..., do
3 s=Ap;
a = (ri,u;)/(pi, s)

Tip1 = Ti + ap;

>

Tit1 = Ti — Q8
if (||7i]|2/|lroll2 = €) then stop

_ -1
Uip1 = M7 1

B = (Tig1, Wig1)/ (T3, ;)
100 Piv1 = Uit1 + Bpi
11: end for

5 Preconditioned conjugate gradient method (step 2)

B 502, —RE v = (ri,ui), ¢ = (pi,s) BEATSHI LT, 417H, 9fTHEZHFSHZ, K6
2195.



1: 19 = b— A{L‘o, Uy = Mﬁlro’
po=M"1rg, v0 = (ro,u0)
2: fori=0,1,2,...,do

s = Ap;
¢ = (pl’ S)
a="/d

Ti41 = T + ap;
Tit1 = T3 — QS5

if (||7]]2/]|70l|2 < €) then stop

wipr = M7 lrig
10: Yir1 = (Tit1, Uiv1)
1: B =1/

12: piy1 = U1 + Bpi

13: end for

6 Preconditioned conjugate gradient method (step 3)

MIEAE uo = M~'ro, po = M~ 'ro, 70 = (ro,u0) & CG A —THTHET 2 £ 512, 97H,
1017H, 1117H, 12177HZ2BE), V-72ZLFL, MT7T2/85. i=0D&E, py=uy 2H5&
LT, BEEDS.

1: g =b— Axg
2: fori=0,1,2, ..., do
3w, = My

4 Yi = (riaui)

5. if ¢ > 0 then
6: B ="i/vi—1
7. else

8: 6=0

9:  end if
10: p; =u; + Bpi—1
11:  s= Ap;
122 ¢ = (pi,s)
13 a=7/¢

4: Tip1 =X + ap;

15: Tig1 =71 —QAs;

16 3 (|rill/Iro]l2 < ) then stop
17: end for

7 Preconditioned conjugate gradient method (step 4)
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si = Ap;
= A(u; + Bpi—1) (3)
= Au; + BAp;—1
= w; + Bs;-1

oL, ARG = (wi, w;) ZHAL, a=(ri,u)/(pi,si), v = (ri,wi), Tig1 =1 — as;
DERPS, ¢ = (pi,s) 2R (2) DEIIZERTS. ZDEE, (pim1,Api) = 0 DHLEMEEZE
9 5. (M’lri,ri_l) c:%j—éﬁgg‘é‘i, A (4) ZRT.

Di—1,w;) + 52(1%—17 Si—1)
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= (u;, w;) + — (wi, —ri +7i-1)
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B
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1 (67}

= (ui, w;) — (wi,ri-1)

(Mﬁlriari—l)

(M~ ri,rmi1) = (LLT) ey riy)
= (L "L i)

_,T 7-Tr—1_
=r; L7 L

= (Lilri_l)TLilTi (5)
= 7Z;‘fflfi

= (74, Ti—1)

=0

—IRRZ bV w; = Auy, —IRER 0 = (ui,w;) &, X (4), (5) J:@?%f:¢:5—%% "o,
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1: 79 = b— Axg
2: fori=0,1,2, ..., do

wp = M~1r;
4. w; = Ay,
5 v = (i, ug)
6: if ¢ > 0 then
T B ="i/vi-1
8  else
9: 5=0
10:  end if
11: p; =u; + PBpi—a
12: s = Ap;

130 0= (us, w;)

W o =7/(0 — Bvif 1)

150 X1 = T + aip;

16: Tip1 =7 QyS;

17: if (||rill2/]|roll2 < €) then stop

18: end for

8 Preconditioned conjugate gradient method (step 5)
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1: 7o = b— Axg
2: fori=0,1,2, ..., do
3w, =M1,
4. w; = Ay,

5 v = (i, ug)

6: 0= (usw;)

7 if ¢ > 0 then

8: B ="i/vi-1; i = %i/(6 — Byi/ai—1)
9 else

10: B=0;0; ="/d

11:  end if

122 pi=wu; + Bpi

13:  s= Ap;

14: Xjp1 = T + qup;

15: Tip1 =T — QS

16:  if (||rill2/|l7oll2 = €) then stop
17: end for

9 Preconditioned conjugate gradient method (step 6)



9» 5, HIHISRM ug = M trg, wo = Aug HS5HUOFHRT LT, V—THNDOFHHEIH
FFeZEd 5.
1:r9g=0b— AZEo, Ug = Mﬁlro, wo = Aug
2: fori=0,1,2, ..., do
3: Yi = (m,ui)
4 0= (uz,wz)

5. if ¢+ > 0 then

6: B ="i/vi-1; i = i/(0 — Bryi/i-1)
7. else

8: B=0;a;="/d

9: end if

10:  p; =u;+ Bpi—1

11: s= Ap;

120 Tip1 = T3 + Q4p;

13:  Tie1 =T — Q8

14 w1 = M g

15 wip1 = Auiqq

16:  if (||ri]|2/]|70ll2 £ €) then stop

17: end for

10 Preconditioned conjugate gradient method (step 7)
XB)e—mRZ bV g =M1s;, 2 =Aq #EAL, BLFORA (6), (7), (8), (9) 2135.

-1
Ui+1 = M Ti4+1

= Mﬁl(T’i — aisi) (6>
= Mﬁl?”i - OéiMilsi
= Ui — Qig;

Wi41 = Aui+1
= A(Uz‘ - aiQi) (7)
= Au; — a; Ag;

=W — QG

g =M""s;
= M~ (w; + Bsi—1) (8)
=M tw; + BM sy
= M~ w; + Bgi—1

zi = Ag;
= A(Mflwi + 8¢i-1) (9)
=AM~ w; + BAgi
= AMflwi + Bzi1
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1: rg = b — Axg, ug = M~ trg, wyg = Aug
2: for:=0,1,2, ..., do
3 yi=(ri,w)
40 0 = (u,w;)
if + > 0 then
B ="i/vi-1; ai =7 /(6 — Bvi/ai-1)
else
B=0; i =7/d
end if
10:  p; =wu;+ PBpi-1
1: s =w; + Bsi—1
12 g =M w; + g1
130 2z =AM ‘w; + Bzi_1

140 X1 =T + aip;

15:  Tiy1 =T — Q8

16: Uj41 = U — ug;

170 Wiy = w; — 4%

18: if (||rill2/|lroll2 = €) then stop

19: end for
11 Preconditioned conjugate gradient method (step 8)
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1 rg = b — Axg, ug = M~ 'rg, wo = Aug
2: fori=20,1,2, ..., do

3y = (i, u)

40 0 = (ug,wy)

5. m; =M tw;

6:  n; = Am;

7. if i > 0 then

8: B=7i/vi-1; @i =7/(6 — Bivi/ci-1)
9: else

10: B=0;a=")/

11:  end if

120 pi=u;+ Bipi—1

13: s = w; + fisi—1

4 g =m; + Bigi—1

15:  zp =n;+ Bizioa

16: Tip1 = T + aip;

17 Tip1 =7 — Q4

18 Ujp1 = Uj — 0yQ;

190 Wip1 = W — 4%

20: if (|rilla/IIroll2 < £) then stop
21: end for

12 Preconditioned pipelined conjugate gradient method
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1: T‘():b—A.'Eo, UO:MilT‘(), wo = Aug
2: fori=0,1,2, ..., do
3: v = (r;,u;) on local process

4: 0 = (us,w;) on local process

5. ||rill2 = (r4,7;) on local process

6:  MPI Iallreduce(~y, 6, ||7;]|2) with MPI_SUM
7 m; = M tw;

8  m; = Am;

9. MPIwait()

10:  if (||rill2/|lroll2 = €) then stop
11:  if ¢ > 0 then

12: B=7/%o1a ; o =7/(6 — Bv/o1a)
13:  else

14: B=0;a=7v/

15:  end if

16:  p; = Ui + Bpi—1

17: Si = wW; + ﬂsi,1
18 g =m; + Bgi—
19: 2z =n;+ Bz

20: Tit1 = T; + ap;
21: Tig1 =T — QsS;

22: Uiyl = Uy — QQ;
23: Wiy = Wy — O
24: Qold =

25 Yold =7

26: end for

13 Preconditioned pipelined conjugate gradient method
(FrontISTR implementation)
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